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Let p be a prime number, p > 5. Let 9 be an even and non-trivial 
character of Gal(Q(/i p )/Q). Let f(T,9) G Z P [[T]] be the Iwasawa power 
series associated to the p-adic L-function L p (s,9) (see [121), i- e - : 

Vn > 1, n = (mod p - 1), f((l + pf~ n -1,9) = L(l -n,9), 

where L(s, 9) is the usual Dirichlet L-series. In 1979, in their celebrated 
article jl], Ferrero and Washington have proved that (see also pQ): 

f(T,9)^0 (modp). 

Thus we can write: 

f(T,9)=T x m(T) (modp), 

where U(T) G F P [[T]]*. The Iwasawa lambda-invariant X(9) is not well- 
understood. By a heuristic argument due to Ferrero and Washington, one 
could expect that for sufficiently large p (see 

' ; LoglLoglpl) 

Seven ,0^1 tov 



Furthermore, if p < 4000000, we have X(9) < 1, and one would reasonably 
expect (see [Hj ): 

X(9) < p. 

The only known result is due to Ferrero and Washington ( jl] ) : for sufficiently 
large p we have: 

X(9) <p L °s(p) 4 " (p - 1)4 . 

Now observe that: 

f(T, 9) = X{9)T X{6) - 1 U{T) + T m U'(T) (mod p). 

Thus if A(0) > 1 and A(0) ^ (mod p), we have that f'(T,9) ^ 
(mod p). 

The aim of this paper is to prove that for all 9 even, 9 ^ 1, we have 
( Corollary IP|): 

f'(T,9)^0 (modp). 

This fact comes from properties of some power series that are connected to 
polynomials introduced by Mirimanoff at the beginning of the XXth century. 

1 Notations 

Let p be a prime number, p > 5. Let Q p be an algebraic closure of Q p . 
All the extensions of Q p considered in this paper are contained in Q p . Let v p 
be the p-adic valuation on Q p such that v p {p) = 1. We denote the Iwasawa 
p-adic logarithm on Q p by Log p . 

If A is a commutative ring, we denote the set of invertible elements of 
A by A*. 

For every integer d, d > 1, set fid = {z G Q p | z d = 1}. If p G Ud>i/id, 
we denote the order of p by o(p). Set fi p oo = U n >o/i p »+i. For all n > 0, let 
C p ™+i G /ipn+i such that: Cp 7^ 1 an d Vn > 0, Cpn+2 = Cp n+1 - 

Let: 

- K n = Q p (/i p n + l), 

- O n = Z p [(^pn + l], 
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" — Cp n+1 ~ 1) 

- U n = 1 + 7T n O n , 

- T n = Gal{K n /K ), 

- A = Gal(^ /Q p ), 

- T = G^K^/Ko). 

Let 70 G T be such that V( G /V°, C 70 = C 1+p - 
For a G Z*, we write: 

a = u;(a) < a >, 

where is the Teichmuller character (i.e. a; (a) = lim n a pn G /i p -i) and 
< a >= 1 (mod p). 

Let n > 0. For a G Z*, let a n (a) G Gal(if n /(Q) p ) be such that: 

><r n (a) * a 

Spn+l Spn+l- 

We have cr n (a) = 8(a) r y n (a), where 8(a) G A and j n (a) G T n . Observe that: 

A7n(a) _ ^<a> 

For a G Z*, let a(a) G T x A be such that: 

vc g jipoo, C (a) = C°- 

Note that A = {a(u(a)) \ a = 1, • • • ,p - 1}. For 9 G A = Hom(A, /i p _i), we 
set: 

e<( = J—yv 1 ^)* gz p [a]. 

Let T be an indeterminate over Q p . Let L be a finite extension of Q p . Let 
Ol be the valuation ring of L. The restriction maps Res n+ i tn : T n+ i — > T n 
induce maps Res n+ i, n : Oz,[r n+ i] — > Oi\T n ]. Thus we can take the inverse 
limit of the group rings Oz,[r n ] with respect to these maps, and by [T2j . 
Theorem 7.1, we have: 

L [[T]}~\imO L [V n ), 

where T corresponds to 70 — 1. We set A L = Ol[[T]] and A = Aq p . For all 
n > 0, we set oj n {T) = (1 + T) pn - 1. Recall that: 



Note that fori all n > 0, N Kn+1 / Kn (U n+1 ) C U n , where N Kn+l/Kn is the 
norm map from K n+ % to K n . We denote the inverse limit of the principal 
units U n with respect to the norm maps by U^. Note that is a A[A]- 
module. 



2 Logarithmic derivatives 



Let u = (u n ) n > be an element in U^, recall that: 

Vn > 0, N Kn+l/Kn (u n+1 ) = u n . 

There exists an unique element f u (T) G A such that ([12], Theorem 13.38, 
see also |3j): 

Vn > 0, /„(vr n ) = u n . 

Furthermore, if x = ^6 a cr(a) G Z p [r x A] and if u G {Too, then we have 
Lemma 13.48): 



Mr)=n/«(( i + T ) a - i ) ba - 

For n G Uqo and for n > 0, we set: 

L>n(u) = Cp^TT ^ G °n- 

We call the map D n : [Too — > O n the nth logarithmic derivative of Coleman. 
Lemma 2.1 

i) Let u G £/«,, Vn > 0, L> n (?W T )) = (mod p n+1 ). 

ii) V0 G A, Vm G f/oo, Vn > 0, D n (u ee ) = e Bw -xD n (u). 

Proof 

i) We have: 

/ U ((1 + T)(^) P "-1) 



fu«>n(T) (T) 



fu(T) 

Thus: 

n , T JL«n(T)(T) _ T) (l+p)P n fid 1 + T)( 1+P ) P - 1) 

li+ ' j W)(T) li+PJ / u ((l+T)(^r-l) 



f'(T) 



Note that: 

(l + 7r n )( 1+ ^' l -l = 7r n . 

Therefore: 

A*K" (T) ) = W(l +Pf n - 1)tt4 = (mod p n+1 ] 

ii) Let ogZ* and let u G U^. Observe that: 

D n (u^) = aa n (a)(D n (u)). 

Let u G f/oo, we get: 



1 p_1 

D n (u*) = Vr 1 (a)D n («^ tt W). 

p — 1 z — ' 



a=l 

We have: 

p-i 

i 

P 



1 

D n (« ee ) = rrr^d^o) o- n (w(a))(D n («)). 

p — 1 z — ' 



a=l 

The Lemma follows. <0 

Proposition 2.2 Let 9 £ A, 6 / T7ie map D n owes rzse to a raor- 
phism of Z p [T n ]-modules: 



L0 . n 



U e n e e 6cj -iO n 



where T acts on the right via (1 + T) — 1. 

Proof We have ( J2]> Theorem 13.54): 

Jjee 

Jjee ~. 



n - u w n (T)eg- 
<-/oo 



Let v G U^ e , then there exists w = (u n ) n >o G L 7 ^ such that v = u n . We set: 

4> e n {v) = D n (u) (modp n+1 ). 



By Lemma f2.ll we get a morphism of Z p -mo chiles: 



Let v G t7^ 8 , and let u = (u n ) n >o G Ujg such that t> = u n . We have: 



^A^ 70 " 1 ) (modp n+1 ). 



But: 

D n (u*- X ) = ((1 +p) 7o - l)(D n (u)) (mod 
The Proposition follows. <0> 

Theorem 2.3 For a// n > 0, set T n = ELo^+i- Let 6 e A, 6 ^ 
Then: 

Vn > 0, lm(0 n ) = — — — . 

P n+1 e 0aJ -iO n 

Proof Let A n be the maximal order of Q p [r n ]. Then (jUJ, see also jjj): 

O n = A n [A]T n . 
Now observe that p n+1 A n C pZ p [r n ]. Thus: 

P n+1 e^-iO n C pZ p [T n }e euj -i T n . 
Recall that there exists a G \ {1} such that ([12]. Corollary 13.37): 



Vn > 0, U%> 



a Cp n+1 \Z v \T n ]e e 



u(a — 1) 
For a G fJ, p -\ \ {1}, set: 

I \ ( a ~ ^P U+1 \ r- TT 

Poo(a) = {—, TT)n>0 G f/oo. 

c<j(a — 1) ~ 

We have: 

D n {poo{a)) = ■ 

a - u+i 
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Thus lm(0^) is the Z p [r„] -module generated by the e euJ -i a ^" + ^ , ot G [i v -\ \ 
{1}. For a G pip-i \ {1}, for all n > 0, set: 

p n+1 -i 

u n (a) = 

a k a n (k) G Z p [T n x A]. 

fe=l,fc^0 (modp) 

We have: 

P n + 2 -i 

Res n+1 , n (u n+1 (a)) = a k a n (k). 

k=l, fc^O (mod p) 

Thus : 

p n+1 -l p-1 

i?es n+ i, n K + i(Q;)) = (T n (k)C^a k+pn+H ). 

fc=l,fc^0 (modp) £=0 

Finally, we get: 

Res n+hn (u n+1 (a)) = u n (a). 



Now, we have: 



a-1 = (a(pn+i) pn+1 - 1 



a Cp n + 1 ~~ 1 Q;Cp n + 1 ~~ 1 

Thus: 

p n+1 -i 

—i 7 - 1 = y. a ^p n+i - 

«Cp-+i - 1 fc? 

Therefore: 



q; 1 P n+1 -l P n -l 

- 1 = ^ a k a n (k)(( pn+ i) + ^ a fc Cp fc - 



^ P fc=l,fc^0 (modp) fe=l 

Finally, we get: 

— " - 1 = u n {a)(T n ). 

Now set: 

p n+1 -i 

1^(0, a) = ]T 9(k)u-\k)a k ln (k). 

fc=l,fc^0 (modp) 



We have: 

(u n (e,a)) n > e A. 

Furthermore, we have: 

-Cp»+i _ 1 



Thus: 

eflw-i 7^- = -zi -M„(6',a~ 1 )(e^-iT„). 

a — c.pn+1 a — 1 

Now: 

£ Mo, «) = (p - ^(-^^(-i) e z;. 

aeMp-i\{i} 

Thus there exists a G \ {1} such that for all n > 0, a) G Z p [r„]*. 
The theorem follows. 

We will also need the following Lemma: 

Lemma 2.4 Let A n be the maximal order of Q p [T n ]. Under the isomorphism 
A/u n (T)A ~ Z p [r n ], j9 n+1 A„ corresponds to an ideal U n of A such that 
uj n {T)A cU n C (p,u n {T)) and \im n U n = {0}. 

Proof Set: 

F 7er n 

and for 1 < d < n, set: 

= £ e x> 

xef;,/ x =p d + 1 

where the sum is over all the characaters of Y n of conductors p d+1 and : 



e x = ^^X '(7)7- 
^ 7er„ 

We have: 

p n+l A n = ® n d= MT n ]p n+l e d C pZ p [T n }. 
Thus it is clear that u n (T)A cU n C (p,u n (T)). Now: 

P n -i 

p n + i eo ^ p{ J2(l + TY) (mod W „(T)). 
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Thus: 



p n+1 eo=P^!p- (mod u n (T)). 



Let d be an integer, 1 < d < n. We have: 

P n -i 

p«+i ed = p(^(l + T/( X(1+PY)) (mod u n (T)). 

e=o f x =P d+1 

Thus: 

P n+1 e d = p(£ Ttk^/qX^ 1 + T )0 ( mod u n(T)). 
Now recall that Tr Xd _ 1 /Q p (Cpd) = if -u p (£) < d - 1. Therefore: 

p n+1 e d = /( £ (l + ^^o/QpCO) (modc„(T)). 
e=o 

But: 

pn-d+l_-^ 

' £ (l+T)^- 1 Tr Ko/Q X) = (P-^^y 
e=o,e=o (mod P ) ^ ' 

and 

(i + T) T^ 0/Qp (g = ^ - ^-^y- 

«=0,^0 (mod p) ay ' a iv y 



Thus: 



P n+1 e d = / +1 ^-/^^ (mod W(l (T)). 



The Lemma follows. <0 

3 MirimanofF's power series 

Recall that Mirimanoff has introduced the following polynomials in F P [T] 

p-i 

Y?\ l<j<P~l, ( fj (T)=J2 aj ~ lTa - 

a=l 
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These polynomials have many beautiful properties and we refer the inter- 
ested reader to 0, [TT] and In this section, we will introduce some power 
series that are related to these polynomials. 

Let L be a finite extension of Q p . Let ir^ be a prime of L. Let 6 6 A. 
Let a G such that a(a — 1) ^ (mod ttl)- For all n > 0, we set: 

M n (6,a)= ap Z_ 1 0(k)u- 1 (k) ln (k) eO L [T n ]. 

fc=l,fc^0 (mod p) 



Lemma 3.1 

(M n (e,a)) n > G \imO L [T n ]. 
Proof We must prove that: 

Vn > 0, Res n+1>n {M n+1 {6, a)) = M n {6,a). 
Now observe that: 

p n+1 -i p-i 
ite Sn+1 , n (M n+1 (0,a)) = e{k)u-\k) ln (k) apn+2 — C£a k+epn+1 ). 

fc=l,fc^0 (mod p) £=0 

The Lemma follows. <0> 

By the above Lemma, (M n (6 ) , a)) n >o corresponds to a power series M(T, a) e 
Ax,. If 6 1 = cj 3 ', 1 < j < p — 1, observe that: 

M(0,M) = |^ (modvrx). 

Therefore we call M(T, 8, a) the Mirimanoff 's power series attached to 9 and 
a. 

Lemma 3.2 

M(T,0,a) = -e{-l)u- x {-l)M{T,e,a- x ). 
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Proof 

We have: 

M n (9, a)= - l {pn+1 ~ A; )^ _1 ^ +1 - fc )^(p n+1 " fc). 

fc=l,fc^O (mod p) 

Thus: 

k=l,k^0 (mod p) ^ ' 

The Lemma follows. <0 
Theorem 3.3 

M'(T,6,a) = (mod 7r^) «/ and on/?/ if a = — 1 (mod 7T£,) and is 
odd. 

Proof By Lemma EHl Af (T, 0, -1) = if 6» is odd. Thus, if a = -1 
(mod ttl) and if # is odd, we have M'(T, 9, a) = (mod 7Tl). 

The proof of this Theorem is based on Sinnott's proof that the Iwasawa 
//-invariant vanishes for cyclotomic Z p -extensions of abelian number fields 
f[TUj) as exposed in Washington's book([T2], paragraph 16.2). 

Now, let's suppose that M'(T, 9, a) = (mod n L ). We have: 

p' 1+1 -i k 

Vn > 0, M(T, 9, a) = ^ ^ _ i 9(k)u~\k){l+T)^ (mod u n (T)), 

k=l,k^0 (mod p) 

where i(k) = Log p (A;)/Log p (l +p). Thus, for all n > 1, we have: 

p n+1 -i fc 

(l+T)M'(T,^a)= £ ^(A:) aptl+ a i _/ (feV 1 (fc)(l+^r W (mod(p",^ n (T))). 

fc=l,fc^0 (mod p) 

Therefore, for all n > 1, we get: 

p" +1 -i k 
E i ^Wft + f 1 ^ (mod(7r L ,^ n (T))). 

fc=l,fc^0 (mod p) 
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Recall that i( k) = i(k') (mod p n ) if and only if ^=1 = <*^=1 ( mo d p n ). 

<k>-l 
P 

affect divisibility by til. Thus: 



Therefore changing i{k) to <fc ^ 1 permutes exponents modulo p n and do not 



P" +1 - 1 jL _1 fc 

Vn>l, £ ^ _ ^ (AOoT^Xl+T)^ = (mod(7r L ,a; B (T))). 

fc=l,fc=£0 (modp) ^ 

Let a G /i p -i. For n > 1, set: 

= E ^ p~ 1 _ ^ (Qu-Wil+T) 3 ^ (mod (p",u; n (T))). 

fc=l,fc=a (mod p) ' 

Note that: 

^ +1 (T) = ^(T) (mod(p",u; n (T))). 

Now recall that: 

Al ~ lim 



Therefore, there exists h a (T) G A L such that: 

Vn > 1, /i a (T) = ^(T) (mod (p», w„(T))). 

Thus, we have: 

K{T) ee (mod 7T L ). 

And also: 

E (! + T )M(1 + T Y - !) = ( mod 

Now, note that: 

(1 + T)K{{1 + Tf - 1) ee /"((I + Tr 1 - 1) (mod (p», c n (T))), 
where 

fn{T) ee a TV'-l 9(feKl(i)(1+r) * (mod(p»,a; B (r))). 

fc=l,fc=a (mod p) 
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For a G /i p _i, let s (a) G {1, • • • ,p — 1} such that a = s (a) (mod p). We 
have: 

g(T) . e ( a).'\a) g a " (S ° (a) p + *> " 1 (l-f-r)-'-^ (mod( P »,.„(T))). 

But: 

P"Z} n so(a)+pe s (a)(i _|_ T ,N \so(a) 

£ ^3T(i + - V+ff-i (m ° d (P "' W " (T))) ' 



and 

p n -i 



a 

£=0 

Set: 



, , ,so{Q)+pt s (a)(-t 1/71)80(0) 

E ^^Tr 3I (i+^) S0(a)+?rf - - a ^ l+T y {aP{1 + Ty -iy (mod 



f a {T) = 6(a)uj (a) — — ( a 



op(1 + T)p-1 v p aP(l + T)P-l y 

Then: 

Vn > ee / a (T) (mod (p n , u; n (T))). 

We have obtained: 

^ ^((1 + ^^-1)^0 (modvTi). 

Observe that for all a G /x p _i, f a (T) G AxnL(T). Thus, by Sinnott's Lemma 
(|12j. Lemma 16.9), for all a G fi p -i there exists c a G Ox such that: 

/ Q (T) + /_ Q ((l + T)- 1 -l)=c a (mod7r L ). 

Observe that: 

UT) ee 6(a)u-\a)^-( a ~ lso{a) - 1 -a^^—-){l+TT^ (mod (vr L ,T-)), 
a p — 1 p a v — 1 

and 

/_ a ((l + T)- 1 - 1) ee g (- a )^(-a)^( - tt - 1 ft7°W^ 1 + a~ 1 ^ T )(l + 
r)«o(a) (mod (vr L ,T p )). 
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Thus, for all a G /i p _i, we must have: 

a «o(a)( "- 1 'o(«)-l _ a -l_^_) = g(_ 1 ) P-«o(a)( -a- 1 (p-«o(a))-l +a -l_^_) (mod ^ 

For a — 1, we get: 



^(-l)^-^— — - 1) (mod7r L ). 



aP-1 v aP-l 
Thus: 

a 2 = -0(-l) (mod ti l ). 

We obtain a = — 1 (mod ir L ) and 6* is odd or 9 is even and a 2 = — 1 
(mod 7T£,). For the second case, if we consider all the equations obtained 
when a runs through // p _i, we obtain that for all 5 G {1, ■ • • ,p — 1}, 6 even, 
we must have: 

b = cu(b)+p (mod p 2 ), 
and for all b G {1, •••,£> — 1}, 6 odd, we must have: 

b = uj(b) (modp 2 ), 

This leads to a contradiction and the Theorem is proved. <0 
We will need the following Lemma: 

lemma 3.4 There exists a G // p _i such that for all prime numbers £, £ = a 
(mod p) and t > p 2 , we have: 



Tr Qfo)/d( ^P_i)2 ) ^ ( mod 



where Q is a primitive tth root of unity. 

Proof For a G Z, let [a]^ G {0, ■■■,£— 1}, such that a = [a]^ (mod £). Let 
<^(X) be the £th cyclotomic polynomial, then: 

**(1)=4 
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Now: 

*J(X) 



T — 

and 

ggx) q;(a-) 2 _ v i 

Therefore: 

1 1 - £ 

Tr Q(0)/Q(^3y) = ~2~ > 

and 

Tr , 1 ^_ (^-l) 2 (^-l)(^-2) 
J r Q(«Mzr _ ^ 2 J - 4 g • 

Furthermore, if a G Z, a ^ (mod £), we have: 

Tr Q(0)/Q(^%7) = - Wit- 

Set: 



ccr - 1) 2 ; - 

Let m be the order of p modulo £, set: 

a=[l+p m - 1 ] e aadb = [l-p m - 1 ] e . 

We have: 

5 = rr Q(C<)/Q( ^_ ^ 2 )- 
Since £ > p 2 , we have 6 > 3, and thus: 

a = £ + 2 - 6. 

Now: 

C" — i — i i 

5 = TrQ {Ce y Q (-^p— + Tr Q ( C/ )/ Q (^p _ ^ 2 ) + 2Tr Qfo)/Q(^J _ ^ 2 )- 



We obtain: 

5 = -6" + 6(£ + 2) - 



2 , . £ 2 + 6£ + 5 



6 
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Therefore, 5 = (mod p) implies that: 

£ 2 + 2 



Now observe that the function field F p (T, y ^-y- 2 -) has genus zero and thus 
has exactly p + 1 places of degree one. The Lemma follows. ^> 

Theorem 3.5 Let 6 G A, 6 even. There exists a G yU p _i such that for all 
prime numbers £, £ = a (mod p) and £ > p 2 , we have: 

M'(T,9,p)£0 (modp). 

Proof 

Let £ be a prime number, £ ^ p. Suppose that we have: 

M'(T,9,p) = Q (modp). 

/f6w\{l} 

For a G set: 

/ a (T)= ^ e(a) w (a) ^rq^n ( a p^i + Ty-J - 

By the proof of Theorem 13.31 we get: 

Y, /a((l+rr _1 -l) = (modp). 

Therefore by ^2], Lemma 16.9, for all a G p p -i there exists c a G Z p such 
that: 

/ Q (T) + /_ a ((l+T)- 1 -l) = c a (modp). 

But: 

A(T) = -(l + T)Tr Qto)/Q ( ^ ) (mod (p,T^)), 



and 

f.tHM _ n = _n a. T\Tr^.,^ VQ ( _ 

= (mod p). 



/_x((l + T)- 1 - 1) = -(l + T)rr Q(0)/Q ( ^5 n2 ) (mod (p,7*)). 
Thus we get: 



vv (a -i) 2 

It remains to apply Lemma [3.41 ^> 
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4 £>-adic L-functions 



Let 9 E A. We set: 

- f(T, 9) = if 9 is odd, 

- if 9 is even, f(T, 9) is the Iwasawa power series associated to the p-adic 
L-function L p (s,9) (see [12], paragraph 7.2.). 

Recall that if 9 ^ 1, /(T, 6 1 ) e A, anf if 9 is the trivial character then: 



For a e yUp_i, we set: 



and 
We set: 

and 



:i-^f)/Cr,*)GA*. 



= — 7 7T ^ ^n, 

c<j(a — 1) 



Poo(tt) = (Pn(a))n>0 e f/oo. 
r?n = n PniuY' 1 ' 1 E U n , 



Voo = (Vn)n>0 £ Uoo. 

Lemma 4.1 Let 9 e A, 9 ^ l,u. Then: 

u% = (v%) A . 

Proof By the proof Theorem 12. HI 

<J) d n (pn(a) e °) = M n (9, a x )e e ^T n (mod p n+1 ). 

Thus: 

€(Vn S ) = ( E («-l)^(^)h^T n (modp" +1 ) 

ae/Xp-i\{l} 
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But: 

£»€/ip-i\{l} 

The Lemma follows. <0 

Let 9 e A, 9 ^ l,oo. We denote by G(T,9) e A* the power series that 
corresponds to ((J^ae^-^iyi® ~ l ) M n{9, «)))n>o- Observe that: 

£ («-l)M B (0,a) = (p-lM-lJuT^-lfrnfo-l) £ 9{t)u-\e) ln {e). 

aen P -i\{l} £=l,e^0 (modp) 

Let 9 E A, 9 7^ 1, 9 even. By ir^ we mean the unique (p — l) 2 th root in U n 
which is congruent to 1 modulo 7r„ of: 

p— 1 >w(a) -, 



a=l & n+1 " 1 



We set: 



Theorem 4.2 

Let 9 e A, 9 even and non-trivial. Then: 

n) Let 9 e A, 9 ^ T/ien: 

Va G ^ \ {!}, Marf^-W = (vZ)^-^ ■ 
Proof Recall that: 

^Mafo) = M n (9, a~ l )e e ^T n (mod p n+1 ), 

and 

<P e n(v e n e ) = ( £ («-l)Mn(^,«))e^-iT n (modp n+1 ). 

aeM P -l\{l} 
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Thus ii) follows from Lemma 14.11 Lemma 12.41 and Proposition 12.21 Note 
that: 

= eou-i . 1 : (mod p n+1 ). 

C^n+l — 1 

Let /(X) = x x _~\ then: 

(X - l)Xf'(X) + Xf(X) = P n+1 x pn+1 . 

Therefore: 



I | p n+1 -i 



C p » + i - 1 F fe=1 
Let 6 1 e A, for 6> ^ 1, set: 

P n+1 -i 



fc=l,fc^0 (mod p) 



^) = E ^(A:)^- 1 (A;)7„(A:), 

and if 6* = 1, set: 

p n+1 -i 

v n (0) = -(1 - (1 + p ) 7n (l ku-\k) ln (k). 



fc=l,fc^0 (mod p) 

Then by |T2], paragraph 7.2, (f ra (6 l ))n>o corresponds to f(±rf — 1> #) if # 7^ 1, 
and to (1 - (1 + - 1,0) if is trivial. Observe that if 9 is 

even and non-trivial: 

— - — 7 = -v n (0)e euJ -iT n , 

C, p n+1 — 1 

and if = 1 : 

(1 - (1 + p)7„(l + p))e ea ,-i - — - — - = -v n (0)e eul -iT n . 

C, p n + 1 — 1 

The Theorem follows. ^> 

Theorem 4.3 Let d be an integer, d > 2, d ^ (modp). Let 6 6 A. 
Then: 

_ 1 A L°gpW 

£ M(T,6l,p) = -/(— -1,9)( ^(/(^^wii+t)^; 

pg/^d, o(p)=d divides d 

ui/jer is i/ie Mobius function. 
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Proof If 9 is odd, the result is clear by Lemma [3.21 Thus we assume that 9 
is even. Let $dpT) be the dth cyclotomic polynomial, i.e. 

$ d (X)= J] (X- P )eZ[X). 

pen d ,o(p)=d 

Then: 

£ divides d 

If we take logarithmic derivatives, we get: 

1W - E .A 



It follows that: 



$ d (X) ^ ^l'X*-l' 

t divides d 



ECp n+1 r, /d C p n+l 

7-^~n= E ^ 



Thus: 



Now: 



Thus: 



p£Hd,o(p)=d^ P ^ £ divides d S P n+1 



E -7 J — f = ( E MyKWlr 1 !- 

p£p, d ,o(p)=d FSp ^dividesd Sp 



n+l p^-1 

g_ ~ 1 _ i _ V n k C k 

P^P n+1 ~ 1 ^ 



i 1 _V P r* 



FSp— " fc=l 

We are working in the extension Q p (p d , Cp n+1 ) / Qp(pd) and we identify Gal(Q p (/id, Cp n+1 )/QpO u d)) 
with r„x A. Therefore: 

1 p " _1 (p p ) fc 

e^-i — : r = M n (9,p)e duj -iCp^+i +e 0£J -i( V -r-r-^ -<$.). 

pCp«+i - 1 ^ (p p ) p - 1 p 

Now observe that the map pd Pd, p l— ► , is an isomorphism. Thus: 
e*u,-i( E V— 1 r) = ( E M n (^,p))e eLJ - 1 T n . 

P&V-d, o{p)=d y pep d ,o(p)=d 
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But T n generates a normal basis for the field extension K n /Q p , thus: 
M n (9,p) = -( ^{~W)u-\i) ln {l))v n {6), 

pGfj.d, o(p)=d t divides d 

where v n {9) is as in the proof of Theorem 14.21 The Theorem follows. (} 

Corollary 4.4 Let 6 6 A, 6 even and non-trivial. Then: 

f'(T,6)-£0 (modp). 

Proof Let a G [i p -i as in Theorem 13.51 Let £ be a prime number such that 
I > p 2 and i = a (mod p 2 ) (note that there exist infinitely many such 
primes). We know that: 

M'(T,9,p)£0 (modp). 

P6W\{1> 



But by Theorem 14.31 

J2 M(T,e, P ) = -fiY^f ~ 1 ^)W)^\^ + t)^^ 

But since £ p_1 = 1 (mod p 2 ), we have: 



Log p (£) 



(mod p). 



Log p (l + p) 

Thus, if we take derivatives and reduce modulo p, we get: 

1 1 Logp(l) 

M'(T,e,p) = — — a— -l,e){t6{Z)u-\Z){l+T)T^^-l) (modp). 

P6 W \{1} 1 ' 

The Corollary follows. ^> 

The case of the trivial character is treated in the last section. 
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5 Other results 



Let 9 be an even Dirichlet character of conductor d or pd, where d > 1, 
d ^ (mod p). For all n > 0, set: g n = p n+1 d. Let g(T,9) be the power 
series introduced in [12], paragraph 7.2, i.e. 

9(T,0) = '^£f(T,0), 

where f(T, 9) is the power series associated to the p-adic L-function L p (s, 9) 
(see [HI, Theorem 7.10). Set L = Q p (0), and let n L be a prime of L. Then, 
the Ferrero- Washington Theorem states (see ^2], paragraph 16.2): 

g(T,9)^0 (mod7r L ). 

We have: 
Theorem 5.1 

g'(T,9)^0 (modn L ). 

Proof For y G Q, set: 

= (1 + g )M - {(1 + q )y} - I e Z p , 

where {?/} is the fractional part of y. recall that ([T2], proof of Theorem 
7.10): 

qn 

Vn>0, g(T,9) = J2 B(—)9iu- 1 (a)(l + T)- 1 ^' 1 (mod cu n (T)), 

a=l,(a,qo)=l 

where i(a) = L^-^f^y- Let's suppose that g'(T, 9) = (mod p). We have, 
for all n > 1 : 

(1+T)V(T,0) = -^^^(i^+^s^^-^a) (1+T)-<W (mod (p n ,w n (T))). 
Therefore, we get: 

qn 

Vn > 1, V (i(a)+l) S(— ) fla^fa) (1+T) l(a) = (mod (vr L , w n (T))). 

a=l,(a,<jo)=l 
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Now, changing i(a) to (1 + q ) <a > 1 permutes exponents modulo p n and 
does not affect divisibility by ttl- Thus, for all n > 1 : 

Eti,(a, qo) =i^+Qo)^+l)B(fj9u;-\a) (l+T)^ ^ = (mod (vr L , W „(T))). 
For n > 1 and for a G /V-i> set: 

= EaEa (m od P) ((l + ?o)^ + 1) B(l) 6u-\a) (1 + Tf + «°^ 
(mod (p» w„(r))). 
Note that: 

H n a + \T) = H n a (T) (mod (p», u n (T))). 
Thus, there exists H a {T) G A^ such that: 

H Q (T) = H2(T) (mod (p n ,u n (T))). 

We get: 

^ # Q (T)=0 (mod7r L ). 

Therefore: 

£ (l + T) 1+9o iy a ((l + T) p -l) = (mod7r L ). 

Let f a {T) G Al as in [TJ], Lemma 16.8. Set: 

F a (T) = — (1 + T)£(T) + (1 - i±^)/ a (T). 
p p 

It is not difficult to see that F a (T) G A L n L(T). By H2|, Lemma 16.8, we 
have: 

F a (T) = E OSQ (modp) ((l+go)^+l) J B(| r )^- 1 (a)(l+T)( 1 +^ (mod (p», W „(T))). 
Therefore, we get: 

F a ((l+T) a_1 -1) = (modvri). 

Now apply [T21 . Lemma 16.9, and we get that for all a G /V-i, there exists 
b a E Ol such that: 

F a (T) + F_ Q ((l + T)- 1 -l) = 6 Q (mod7r L ). 

But observe that: 

F Q (T) = F_ Q ((1 + T)- 1 -1). 
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Thus, for all a G fi p -i, there exists c a G Ol such that: 

^(1 + T)f' a (T) + (1 - l -^)UT) ee c a (mod n L ). 
Now we take a = 1, and we set: 

Gx(T) = (l+?0)Eo< B < ?o , e l (m od P )^- 1 («)(l+^) a(1+<?0) -Eo<a< g g +9o ,a.l (mod p) ^ («) ( 1 + 

T) a . 
We get: 

(1 - ^)((1 + T)*>( 1+ *>) - l)Gi(T) + i(l + T)(((l + T) 9 °( 1+ * J ) - l)Gi(T) - 

g (l + 9o)(l + TY^+^G^T)) = Cl ((l + T)<^ 1+ «>) - l) 2 (mod n L ). 
Note that: 

Gi(T) = -(l+T) (mod (1 + T) 1+P ), 

ans 

G;(T) = -1 (mod(l + T) p ). 

Thus we must have: 

Ci = (mod 7r L ). 

The coefficient of 1 + T in the left-side is: 1 — d and the coefficient of 
(1 + 7 1 )9o(i+go)+i in the i e ft s ide is 2d - 1 + The Theorem follows. 
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